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0. Introduction. Over the course of the last fifteen to twenty years there has been an explosion (pun intended) of interest in blowup theorems for solutions of nonlinear evolution equations. In addition to being of interest to workers in partial differential equations, blowup theorems are often relevant to workers in such diverse areas as chemical reactor theory [60] , [64] , [65] , [76] , [82] , [89] , [113] , quantum mechanics and fluid mechanics [95] , [131] . Recently, [39] , singularity formation in the solutions of nonlinear Schrhdinger equations has been proposed as a mechanism for studying the onset of turbulent flows. See also [37] , [38] . The question of finite time singularity formation in the boundary layer equations of fluid flow is currently under active investigation by aeronautical engineers, continuum mechanists, and many others. See, for example, [73] , [119] , [122] - [129] , [135] , and some of the references cited therein.
In the study of evolution equations, the terms "global" and "local" refer to the existence of the solution on the entire half line t > 0 or on some finite interval to the right of zero, respectively. For the purpose of this paper, we shall use the term "blowup" as a pseudonym for "global nonexistence," i.e., as a pseudonym for the statement, "The maximal interval of existence is bounded." Although the latter concept is much more general in some sense because it allows for the loss of regularity of the solution in finite time without the solution actually becoming unbounded in that time, such regularity loss manifests itself in the finite time blowup of some derivative of the solution. A well-known example of the latter phenomenon is given by the following initial value problem for Burgers' equation: (B) u + uux O,
If f is a bounded, continuously differentiable function, the (continuously differentiable) solution remains bounded as)ong as it exists. However, if f(x) is somewhere negative, then from an easy calculation using implicit differentiation, we see that ut and u both become unbounded in finite time.
Therefore, we shall take the phrase "finite time blowup" to mean that either the solution or some derivative of the solution becomes unbounded in some norm in finite time. Blowup in the classical sense will be referred to as "pointwise blowup," by which we mean that the solution itself becomes unbounded at some point in the spatial domain (possibly including the "point at infinity" if the domain is unbounded).
Our purpose here is to survey the recent literature on the role the size of the nonlinearity plays in determining whether or not blowup occurs. As an example of the type of results we wish to survey, let us recall the classical result of Fujita [7] : He [3] , [33] . Secondly, the interest here is in small initial values. Indeed, the author has shown [15] [1] , [11] , [14] , [32] but the most elegant proof that pc(N) belongs to the blowup case was given by Weissler [32] 
where again our interest is focused only on the long time behavior of nonnegative solutions of (D). Moreover, we shall only concern ourselves with classical solutions of the problem. We also assume that when D is not bounded, u "vanishes at infinity," although this assumption can be weakened.
Rather than discuss the results in this section historically, which would make for a somewhat disjointed presentation, we will follow a more systematic development.
In [25] , Meier Next we turn to the question of how the critical exponent behaves when the domain and its complement are both unbounded.
As a precursor to the discussion of results for cones, let us consider an early result of Meier. In [23] , [24] B. Ifp > 1 + 2/(2-"_) then global, positive, small data solutions do exist.
The first statement with strict inequality was proved in [3] where an upper bound for pc(D) was also given. Later, in [19] , Levine and Meier showed that pc(D) is indeed the critical exponent. More recently, they showed that it belongs to the blowup case [20] . (Weissler' 
The solution of (D) need "vanish at infinity" only in the sense that for all k > 0, and
e -r / (u(r, q, t) + rur(r, q, t)) dSq O. Escobedo and Kavian have taken a somewhat different approach to the study of (F) [6] , [13] . They study blowup properties through the use of self-similar solutions, an approach taken also by Giga and Kohn [92] , [93] . They allow real valued solutions of (F) so that they consider u Au + lul'-u, [3] , [19] , [20] Under some conditions, the decay results of [6] , [13] are superior to those of [19] , [20] . For example, they show that for all global solutions (with pc(K) < p < (N / 2)/(N-2), the C 2 norm decays like t-1/(P-1). On the other hand, in [19] it is shown that for a wide class of initial values, solutions decay in L like t-1/(pc(K) -1) which is clearly faster than t-i/(P-). Also this result only requires that p > pc(K).
In spite of the technical restrictions placed on the nonlinearity, the coefficients of the differential operator, and the geometry, this method of attack allows us great insight into the structure of the solution set of (F).
Recently, Bandle and Levine [4] u(x, 0), x e (MC "Mean Curvature.") Again the interest is in nonnegative solutions. The rather strange-looking operator that replaces the Laplace operator in (F) arises in differential geometry and is known as the mean curvature operator [94] . The question of the existence of stationary solutions of equations of the form (MC) (with other reaction terms) has been under active investigation of late. See [104] , [111] , [112] , [114] , [116] for example. In [18] , a somewhat more general problem is considered, namely (GMC "Generalized Mean Curvature") It was proved in [114] and by an alternate method in [117] [136] .
Additionally, in [9] , Galaktionov Again no statement is asserted when p pc(PM).
It was shown in [22] The blowup result for p > q-1 was also proved in [21] .
When N 1, this critical exponent is the same as the second critical exponent discovered by Galaktionov [8] for (SL) above (a + 1 q-1). This parallel between (Q) and (SL) persists (in a more rigorous form) between (PM) and (BPM) below.
Galaktionov [10] ,also considered the following Dirichlet problem (BPM "bounded domain porous medium operator"):
Again a > 0 and p > 1. He proved that pc(BPM) 1 + a was the critical exponent in the following sense. The upper bound on p in (B) can be relaxed [22] . Precisely, if p > 1 -t-a, there are nonglobal solutions of (BPM). (Galaktionov also observed that this restriction could be removed by using arguments of [12] .) Notice [15] , [87] , [88] . One system in particular, has been well studied:
THEOREM (BPM
See [75] , [87] , [88] . This (weakly coupled) system is the subject of [75] [3] , [19] , [20] are amenable to modification for (S) in the case that R g is replaced by a cone with vertex at the origin. See [137] . The case of exterior domains is also discussed there.
More generally, it would be nice to have a result analogous to that of Meier (Theorem (GD)).
If, on the other hand, we are dealing with a strongly coupled system, as for example (SS) In [87] , [88] [88] it is shown that when the diameter of the domain is sufficiently small, all solutions are global. When the domain is sufficiently large, we might expect no global solutions (except u v 0) but the author could find no references to this fact. It would be of interest to have a result for the Cauchy (initial value) problem for (PMS) analogous to that for (S).
2. Nonlinear Schriidinger equations. For u 0, we can define up as lulp-u or as lulp. In this section we use the former definition. If we were to replace t by i. t (where x/L-f) in (F) and allow u to be complex valued, then we would be led to the following initial value problem:
This is the initial value problem for a nonlinear Schrhdinger equation. This formal observation is intended to motivate rather than trivialize this important equation.
Indeed, there is an extensive literature on this equation, some of which we shall discuss shortly. The following result is a distillation of the works of several people [34] - [36] , [43] . See also [70] . ( The first result of the theorem (with strict inequality) was established by Ginibre and Velo in [34] , [35] (who proved a more general result) while the second statement is due to Glassey [36] . Tsutsumi [42] The result for p pnls(N) is due to Weinstein [43] . Notice that the behavior at criticality is different for (NLS) as well.
For solutions of (NLS), it is fairly easy to see that the L 2 norm of the solution is constant in time. Moreover, the potential energy currently investigating this question [37] , [38] , [41] , [44] . The conclusion of Theorem (NLS)(A), is quite different from that of Theorem (F)(A) and that of Theorem (W)(A). We might expect the critical exponents to be different but not the conclusion of the statements. There is an intuitive explanation for this apparent conundrum.
It is to be found in the rough statement that for small p, the wave-like nate of the solution of (NLS) introduces enough cancellation to prevent the growth of the supremum norm of the solution. We can see this more precisely from the form of the nonlinear integral equations that the solutions of (F) and (NLS) satisfy. Let Our discussion is taken from [34] , [36] , [43] . [40] conjectured that pw(N) is the critical number for (W). As Sideris [53] mentions, the main technical difficulty in proving blowup for small data Statement (A) with strict inequality was proved by Sideris [53] [3] , [62] , [90] , [109] - [112] , [114] , [116] , [120] . This would be followed by an examination of the questions of the stability or instability of such solutions (and in which norms we have such stability and instability) and whether or not unstable solutions blow up in finite time. Although there is already a growing body of literature on such questions, including the recent literature on the general topic of inertial manifolds--not only for the problems mentioned above, but also for many other interesting problems, some of which arise in the applications which we briefly mentioned in the introduction--research in this area is far from complete.
Many problems must still be studied on a case-by-case basis. This is particularly true in the case of nonlocal problems and problems which involve convection in the dynamical equations as well as for systems of equations. Also of more than passing interest are dynamical problems for which the boundary conditions contain nonlinear terms or for which the source terms are singular at a finite point (quenching problems).
The literature on such problems comes under the general heading of dynamical systems and is quite extensive.
In addition to an examination of the role of stationary or time periodic solutions play in evolution equations, there are other interesting questions which arise in the study of such equations. For example, when blowup occurs, just what is the nature of the blowup set? That is, does it occur at a single point in the domain or can we have blowup at every point in the domain (complete blowup, a term coined in [63] ).
How does the set of blowup points depend upon the initial values? What is the nature of the approach to "infinity" as the time parameter approaches its limit (finite or infinite)? In the case of systems of equations or equations in which there are nonlocal terms or convection terms, there is also relatively little known.
In particular the interaction between the terms that cause pointwise blowup and those that cause finite time breakdown in the derivatives (shock formation) is incompletely understood. This question is of some applied interest. See [73] , [119] , [123] - [129] , [135] and the references cited therein. Here again questions of blowup behavior are little explored when the nonlinear terms occur in the boundary condition.
Here, too, there is a rapidly exploding literature, although the focus of most current research on these questions appears be mostly on nonlinear parabolic equations and systems of equations.
The topics and questions discussed in the preceding paragraphs are more appropriate as subjects for books and monographs rather than for short survey articles such as this. Any attempt on the author's part to give the reader a complete survey of the literature on these topics (or even one which pretends to be reasonably complete)
would not only be pretentious but also foolhardy. Therefore, he has decided to simply give a few representative references to the literature here and again offer his apologies for the omissions.
For the role that stationary solutions play in dynamical problems, see [58] , [96] - [99] , [108] - [110] , [113] , [120] , [130] for example. The nature of blowup has been dis- [61] , [63] , [84] , [91] , [92] . These works will serve as starting points for further readings for the interested reader. For problems for which nonlinear terms appear in the boundary condition, see [59] , [74] , [103] , [105] , [106] . The author surveyed the literature on quenching problems in [101] .
However, he is preparing a survey of recent advances in this topic since interest in it has certainly not been quenched [103] .
